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Many subgrid drag modifications have been put forth to account for the effect of small unresolved scales on the resolved
mesoscales in dense gas-particle flows. These subgrid drag modifications significantly differ in terms of their dependen-
cies on the void fraction and the particle slip velocity. We, therefore, compare the hydrodynamics of a three-
dimensional bubbling fluidized bed computed on a coarse grid using the drag correlations of the groups of (i) EMMS,
(ii) Kuipers, (iii) Sundaresan, (iv) Simonin, and the homogenous drag law of (v) Wen and Yu with fine grid simulations
for two different superficial gas velocities. Furthermore, we present an (vi) alternative approach, which distinguishes
between resolved and unresolved particle clusters revealing a grid and slip velocity dependent heterogeneity index.
Numerical results are analyzed with respect to the time-averaged solids volume fraction and its standard deviation, gas
and solid flow patterns, bubble size, number density, and rise velocities. VC 2013 American Institute of Chemical Engi-

neers AIChE J, 59: 4077–4099, 2013
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Introduction

Fluidized beds are widely used in process industries, for
example, for biomass reactors,1–4 polymerization reactors,5–7

and combustion.8 The favorable properties of fluidized beds,
that is, a high degree of particle mixing and the effective
particle-fluid heat transfer, have been known even since the
1940s of the 20th century.9–11 The investigation of these
was, however, restricted to simple experimental techniques
and analytical considerations. In the past decades, increasing
computer power has become available and the numerical
simulation of fluidized beds has become feasible opening a
third branch to investigate bubbling fluidized beds12–18 and
spout beds.19–25

Due to computational limitations, a highly resolved simu-
lation of industrial scale reactors is still unfeasible.26–33 It is,
therefore, common to use coarse grids to reduce the demand
on computational resources. However, such a procedure
inevitably neglects small (unresolved) scales, which leads to
a considerable overestimation of the bed expansion in the
case of fine particles.28,34–37 It is generally agreed that the
influence of these small scales on the drag force is a key
parameter in the prediction of the bed expansion (Ref. 28
and references cited therein). Many subgrid drag modifica-
tions have, therefore, been put forth by academic researchers

to account for the effect of small unresolved scales on the
resolved mesoscales in this case.26–28,38–42

In the case of two-fluid models (TFM), in recent years

several authors43–46 studied the effect of the unresolved mes-

oscale scales on the macroscale momentum equations. Espe-

cially, the drag force is overestimated if these small scales

are not resolved by the mesh.38,45,46 This, in turn, implies

that the numerical simulation of fluidized bed reveals a con-

siderable mesh dependence. Andrews et al.47 suggested that

a grid-independent solution could be obtained using a grid

size with less than 10 particle diameters, which was also

supported by other studies.30–33 More recently, several

authors studied the impact of the effective subgrid stresses

on coarse meshes by filtering fine grid simulations.38,39,48,49

Although, it appears that the bed expansion is nearly inde-

pendent of the unresolved contribution of the particle

stresses and the magnitude of the drag force is much larger

than the particle stresses,28 neglecting their unresolved con-

tribution produces quantitative changes in the predicted

results.39 Thus, in the case of industrial scale fluidized beds,

additional closures for the unresolved small scales become

indispensable30–32 and an adequate modeling of the unre-

solved part of the drag is essential to predict the correct bed

expansion.28

In recent years, several approaches have been proposed to
account for the effect of these unresolved scales on the drag
correlation, when applying TFMs to coarse meshes. The
EMMS model50–52 was one of the first approaches dealing
with the influence of heterogenous structures on the drag
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force. It is assumed that these structures appear as distinct-
particle clusters within an interstitial dilute particle phase,
where both require additional modeling. The clusters and the
dilute phase consist themselves of homogeneously distributed
particles, enabling the application of a homogenous drag cor-
relation to these structures. The resulting underdetermined
set of equations is solved by minimizing the energy con-
sumed by the transport of the particles, referred to as stabil-
ity condition. More recently, derivates of the EMMS model
have been proposed to account for transient flows (EMMS/
matrix model26,53–57), the gas-phase pressure gradient (clus-
ter structure-dependent drag coefficient40,41), and bubbling
fluidized beds.58 The groups of Simonin28,59 and Sundare-
san38,39 derived residual correlations from filtering highly
resolved simulations. The results of Parmentier et al.28 sug-
gest that the overestimation of the drag force is linked to the
existence of a subgrid drift velocity, which reduces the effec-
tive resolved slip velocity. In contrast to the EMMS model,
both approaches reveal a significant dependence of the effec-
tive drag on the filter length and, therefore, on the mesh
size. However, while the drag modification of the group of
Simonin has solely been tuned and tested for a specific case,
the correlation of the group of Sundaresan has already been
verified for more general gas-particle flows in risers.29,60

Wang et al.27 proposed a modification of homogenous drag
models to account for heterogenous structures in bubbling
fluidized beds. By neglecting the drag force on the particles
in the bubble phase and by applying empirical correlations
to the solids volume fraction in the dense phase, the volume
fraction of the bubbles can be determined. Thus, the drag
exerted on the dense phase can be computed yielding fairly
good agreement with measurements of Werther and Wein61

with respect to the bed expansion. Another drag modification
for bubbling fluidized beds has been proposed by Schneider-
bauer et al.,42 which can be regarded as considerable simpli-
fication of the EMMS model. By ignoring the drag on the
particles in the dilute phase, the underlying EMMS balance
equations26,53,54 can be solved rendering an additional stabil-
ity condition unnecessary. Furthermore, in contrast to
EMMS and its derivatives, the model of Schneiderbauer
et al.42 distinguishes between resolved and unresolved clus-
ters by computing the expectation value of the diameter of

the unresolved clusters. This, in turn, implies that the drag

modification recovers the homogenous drag law as the solids

volume fraction approaches the maximum packing of fric-

tional spheres. Finally, other researchers62,63 suggest a com-

pletely different approach. Bubbles may be modeled as

discrete elements, which can be tracked individually during

their rise through the emulsion phase. Such an approach sim-

plifies the hydrodynamics of a bubbling fluidized bed to a

single-phase problem but requires additional assumptions

about closure relations for the bubble behavior.

However, the general applicability of previously men-
tioned modifications of homogenous drag correlations to
bubbling fluidized beds is still unverified. For example, the
EMMS model was originally developed for risers using Gel-
dart A particles. The highly resolved simulations of Igci
et al.39 consider the contribution from the frictional solids
stresses in regions only, where the solids volume fraction
exceeds 0.59. In this regime, also spare resolved data were
available to derive the residual correlations for the effective
drag.39 However, frictional stresses may become important
even at significantly smaller solids volume fractions.23,64–67

Parmentier et al.28 introduced a parameter, which was
dynamically adjusted by a second filter operation following a
methodology proposed by Germano et al.,68 and Lilly.69

Thus, this parameter may depend strongly on the simulation
case and the grid resolution. Finally, comparative studies of
these subgrid drag modifications appear incomplete. For
example, in the study of Benyahia70, only a simplified ver-
sion of EMMS71 for relatively dilute flow conditions and the
filtered drag of Igci et al.38 are applied to the gas-particle
flow of Geldart type A particles in a riser.

This article focuses on a comparative analysis of state-of-
the-art TFM subgrid modifications of the drag law for dense
gas-particle flows. First, we discuss the requirements of sub-
grid modeling with respect to the governing equations of
TFMs. Second, the modifications of EMMS,26 Wang et al.,27

Igci et al.,39 and Parmentier et al.28 are analyzed in detail.
Then, following Schneiderbauer et al.,42 we present an effec-
tive drag correlation for TFMs accounting for unresolved
scales, that is, subgrid structures in bubbling fluidized beds.
For the presentation of the different models, we lay special
attention on a consistent notation. A detailed comparison of
the different modifications reveals a significant difference of
the functional dependencies on the void fraction and the slip
velocity. Next, these drag correlations are applied to a bub-
bling fluidized bed of fine glass particles (Geldart type B)
for two different inflow gas velocities. As there is no funda-
mental difference between the numerical modeling of gas-
particle flows of Geldart A and Geldart B particles,30 we
also consider subgrid drag modifications developed originally
for Geldart type A particles. The numerical results are ana-
lyzed with respect to the bed expansion, time averaged solids
volume fraction profiles with their corresponding standard
deviations, time-averaged superficial gas flow, time-averaged
particle mass fluxes, and bubble properties including bubble
size, bubble number density, and bubble rise velocities. A
conclusion ends this article.

Subgrid Drag Models

In general, the TFM equations given in the appendix
(Table 3) are derived by translating the Newton’s equation
of motion for a single particle directly into continuum equa-
tions representing the momentum balances for the solid
phase.15,72–74 To obtain equations for continuous space-time
variables, g x; tð Þ, the point variables, bg x; tð Þ, are averaged by
introducing a weighting function Gl, which is normalized to
unity ððð

Gl jjx2yjjð ÞdVy51

x2y denotes the distance vector between two points in
space, x and y, and dVy indicates the volume integration
with respect to y. l is the “radius” of Gl, which is in spheri-
cal coordinates determined by15ðl

0

Gl rð Þr2dr5

ð1
l

Gl rð Þr2dr

Thus, g x; tð Þ is given by

g x; tð Þ5
ððð

Gl jjx2yjjð Þbg y; tð ÞdVy (1)

The above procedure requires that the averaging region,
that is, l, is large with respect to the particle diameter and
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small with respect to the characteristic dimension of the sys-
tem.15 In addition, the gas and solids volume fractions of
monodispersed grains are directly connected to Gl yielding

�g x; tð Þ5
ððð

Vg tð Þ
Gl jjx2yjjð ÞdVy

�s x; tð Þ5Vp

X
p

Gl jjx2yp tð Þjj
� �

where Vg denotes the volume of the gas phase, Vp the vol-
ume of a single particle, and yp the position of the center of
particle p. By applying the above averaging rules to the
point continuity and momentum equations of the fluid and to
the equation of motion of a single particle one obtains Eqs.
54–56. Wang et al.30 suggested that from a modeling point
of view Geldart A and Geldart B particles can be treated
similarly by kinetic theory-based TFM.75–77 In the case of
Geldart B particles, these are reported to successfully predict
the hydrodynamics of bubbling fluidized beds, especially, the
bed expansion and the bubble dynamics.15,78,79

It is common to solve the resulting TFM equations by dis-
cretizing these equations in time and space. The latter yields
corresponding equations for the spatially resolved parts of the
transport variables, whereas the unresolved parts are omitted.
Balance laws for these unresolved parts can be found from a
second filtering operation of the continuous space-time varia-
bles g y; tð Þ yielding the filtered part of g y; tð Þ and, therefore,
the discretized or resolved part28,38,45,46

g x; tð Þ5
ððð

GD jjx2yjjð Þg y; tð ÞdVy (2)

with the weighting function GD jjx2yjjð Þ also satisfyingððð
GD jjx2yjjð ÞdVy51. The subscript D indicates that lD�D,

where D is the grid spacing and lD the “radius” of GD. By
applying Eq. 2 to the momentum equations (Eqs. 55 and 56
listed in Table 3 in the appendix) additional terms represent-
ing the unresolved contributions arise. Equation 2 implies
that in the case of l�lD �Dð Þ the unresolved parts of continu-
ous variables vanish and, therefore, with respect to l the
resolved results can be obtained. In the literature, it is

generally agreed that D should be equal or less than 10ds in
the case of Geldart A and B particles,30–33,47 requiring clo-
sure models for the unresolved parts on coarse grids. The
results of Parmentier et al.28 suggest that in the first place
the unresolved part of the drag has to be modeled adequately
to predict the correct bed expansion of bubbling and turbu-
lent fluidized beds. It has to be noted that although the mag-
nitude of the drag force is much larger than the particle
stresses, neglecting their unresolved contribution produces
quantitative changes in the predicted results.39 However, in
this study, we focus on the impact of drag modifications
only. Commonly, the effective filtered drag force is modeled
by a multiplicative approach26,28,38,50,57

b ug2us

� �
5Hdb ug2us

� �
(3)

where b denotes the homogenous drag correlation computed
from filtered (resolved) variables, and Hd is a function
accounting for the unresolved structures. According to van
Wachem et al.,15 the drag correlation of Wen and Yu80 (Eq.
58) is adequate in the case of bubbling fluidized beds and,
thus, we set b5bWY . According to the EMMS group, Hd is
referred to as heterogeneity index. In order to comply Eq. 2,
a closure for Hd should approach unity for sufficiently small
grid spacing. Note that we skip the overbars indicating fil-
tered variables in the following discussion for better
readability.

EMMS

The EMMS model was originally presented by Li and
Kwauk50 and is based on the assumption that the heteroge-
neity inside fluidized beds, especially risers, is caused by
the formation of local clusters, which is also supported
by experiments.81–87 Inside (dense phase) and outside
(dilute phase) a cluster, the particles are considered to
be homogeneously distributed (Figure 1). In the case of
fast fluidization of Geldart A particles in risers, the
EMMS model is reported to capture experimental data
successfully.26,52,55,71,88–94

The above decomposition of the homogenous system into
particles inside and outside of clusters (Figure 1) yields a set

Figure 1. The schematic diagram of the subgrid heterogeneity.26,42,57

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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of constraint conditions. In the first place, the pressure bal-
ance between clusters and dilute phase reads26,54,57

Fd
d1

1

f d
Fcl

d 5Fc
d (4)

with

Fd
d5

3

4
Cd

d

qg�
d
g�

d
s

ds

jjud
g2ud

s jj ud
g2ud

s

� �
Fcl

d 5
3

4
Ccl

d

qg�g�s

dcl

jjud
g2uc

s jj ud
g2uc

s

� �
Fc

d5
3

4
Cc

d

qg�
c
g�

c
s

ds

jjuc
g2uc

s jj uc
g2uc

s

� � (5)

Fd
d denotes the drag force per unit volume on the particles

in the dilute phase and Fc
d is the drag force on the particles

in the dense phase. The drag force Fcl
d arises from the inter-

action between the surrounding dilute-phase gas and the par-

ticle clusters. The superscripts d, c, and cl, therefore, refer to

the dilute phase, the dense phase inside particle clusters, and

the particle clusters of diameter dcl (see also Figure 1). As

the particles and clusters are homogeneously distributed, the

drag coefficients for particles in the dilute phase, Cd
d, for par-

ticles in the dense phase (cluster), Cc
d, and for the clusters,

Ccl
d , can be closed by, for example, using the homogenous

drag coefficient of Wen and Yu80

Ci
d5

24

Rei
s

110:15 Rei
s

� �0:687
� �

�i
g

� �22:65

(6)

Ccl
d 5

24

Recl
s

110:15 Recl
s

� �0:687
� �

�22:65
g (7)

with the Reynolds numbers

Rei
s5

�i
gqgjjui

g2ui
sjjds

lg

;Recl
s 5

�gqgjjud
g2uc

s jjdcl

lg

where i 2 d; cf g. f c denotes the volume fraction of the
particle clusters, which is connected to the volume fraction
of the dilute phase as follows

f d512f c (8)

The effective drag coefficient, bE, accounting for the het-
erogeneity can be derived from Eq. 5 yielding

bE5
1

jjug2usjj
kf dFd

d1Fcl
d 1f cFc

dk (9)

Note that Eq. 9 is compatible with Eqs. 55 and 56.
According to Eq. 9, Hd equals bE=bWY in our study and
thus, the effective drag coefficient reads

b5bE (10)

Additionally, ui
g and ui

s (i 2 d; cf g) satisfy the mass con-
servation for the fluid54,57

�gug5�d
gud

gf d1�c
guc

gf c (11)

and for the particle phase

�sus5�
d
s ud

s f d1�c
suc

s f c (12)

Furthermore, the mean voidage �g is given by

�g5�d
gf d1�c

gf c (13)

Note that the set of balance Eqs. 4, 11–13 does not
account for the drag between dilute phase particles and clus-
ters. Obviously, this set of equations (10 equations) is not
closed and, thus, bE can not be computed from Eq. 9. In
detail, we have 18 unknowns, these are ui

g, ui
s, �

i
g, �i

s, f c, and
dcl, which can be reduced to 16 by using �i

s512�i
g. In the

current versions of EMMS, experimental correlations are
used to compute dcl and �c

g, but the system of equations is
still not closed. Thus, a cost function Nst, which describes
the energy consumed by the suspension and the transport of
particles, is minimized to close the set of equations.54 Li and
Kwauk50 proposed that Nst can be written as

Nst 5
1

12�g

� �
qs

f d�d
g Fcl

d � ud
g

� �
1
X

i2 c;df g
f i�i

g Fi
d � ui

g

� �0@ 1A
! min

(14)

However, computing bE during a coarse grid simulation
is very inefficient because a nonlinear optimization prob-
lem (14) has to be solved. It is, therefore, common to cor-
relate the solution of the optimization problem with
functions of the Reynolds number, Re, and the mean voi-
dage, �g. For example, the EMMS version of Lu et al.26

can be fitted by the function Hd5a Re1bð Þc, where the
coefficients a, b, and c are functions of �g. These are sum-
marized in Table 1.

Drag Model of Kuipers’ Group

In the case of bubbling and slugging fluidized beds of
Geldart type B particles, the solids volume fraction within
bubbles is very low. The drag force exerted on these par-
ticles may, therefore, be negligible compared to the drag
exerted on the particles in the dense phase. Thus, the drag
force is27

FK5f de bWY �de
g ;Rede

s

� �
ude

sg (15)

where �de
g and ude

sg denote the voidage and the gas velocity
in the dense phase. f de indicates that only a part of a compu-
tational cell is occupied by the dense phase. The particle
Reynolds number in the dense phase, Rede

s , is given by

Rede
s 5

�de
g qgdsu

de
gs

lg

As the solids volume fraction in the bubble phase is
assumed to vanish, that is, �g5 12f de

� �
1f de �de

g , the final
drag coefficient reads

bK5bWY �de
g ;Rede

s

� � �s

�de
s

ude
sg

jjug2usjj
(16)

However, neither �de
g (�de

s 512�de
g ) nor ude

sg are known a
priori. Thus, experimental correlations are used to close
(16). �de

g is calculated from61

�de
s

�mf
s

5120:14Re 0:4
W Ar 20:13

W (17)

with
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ReW5
qgdsk�gjjug2usjj2�mf

g umf
g k

lg

Ar W5
qgd3

s qs2qg

� �
g

l2
g

Here, umf
g denotes the gas velocity, �mf

g (�mf
s ) the voidage

(solids volume fraction) at minimum fluidization conditions,
and g the standard acceleration due to gravity. Finally, ude

sg

can be calculated from95

�de
g ude

sg

ut

5 �de
g

� �n
(18)

where ut is the terminal settling velocity of a single particle.
The exponent n is given by96

n5
lnð�mf

g umf
g =utÞ

lnð�mf
g Þ

It has to be noted that in the numerical simulation bK is
set to bWY when the voidage is less than �mf

g or �gjjug2usjj
is less than �mf

g umf
g .

Drag Model of Princeton Group

Igci et al.38 and Igci and Sundaresan60 presented a meth-
odology, where highly resolved TFM simulations of the gas-
particle flow of Geldart type A particles in a periodic domain
were filtered to deduce residual correlations for the corre-
sponding filtered TFM equations. Their approach has been
verified for coarse grid simulations of fast fluidization in

risers.29,60 Note that gas-particle flows of Geldart type B par-
ticles are as well accessible by kinetic theory-based TFM,
and, therefore, their model might be equally applicable to
this type of flow. According to Eq. 3, their filtered drag coef-
ficient reads39

bIS 5bWY 12fIS Frfilterð ÞhIS �sð Þg �sð Þð Þ (19)

with the Froude number based on the filter length Dfilter

Fr21
filter 5

gDfilter

u2
t

where the functions fIS Frfilterð Þ, hIS �sð Þ, and g �sð Þ are fitted
from the filtered highly resolved simulations. u2

t denotes the
terminal settling velocity of a single particle. It is proposed
that the characteristic length scale for filtering is given by
u2

t =g. Thus, the scaling, fIS Frfilterð Þ, with the filter length
reads

fIS Frfilterð Þ5 Fr21:6
filter

Fr21:6
filter 10:4

(20)

Grid sensitivity studies, in the case of a two-dimensional
(2-D) riser, show that the grid spacing D should be less than
half of the filter length,60 that is

Dfilter � 2D (21)

However, this condition for the filter length sounds arbi-
trary and no additional evidence is given for Eq. 21. Thus,
to comply (21) we use Dfilter 53D in this study. hIS �sð Þ and
g �sð Þ are solely functions of the filtered volume fraction �s

and are given by

Table 1. Fitting Formulae for Regressed Heterogeneity Index, Hd, of the Form Hd5a Re 1bð Þc for EMMS Model
26

a50:85262
0:5846

11 2g=0:4325
� �22:6279

a50:85
0:4 � 2g � 0:46

c 5 0

a50:03201
0:7399

11 �g=0:4912
� �54:4265

0:46 � �g � 0:545

b50:002251
772:0074

111066:3224 �g20:3987ð Þ1
0:02404

111053:8948 0:52572�gð Þ

c50:17052
0:1731

11 �g=0:5020
� �37:7091

a5 2124:95622142:349�g

� �20:4896 0:545 � �g � 0:99

b5 0:822320:1293�g

� �13:0310

c5
�g21:0013

20:0663319:1391 �g21:0013
� �

16:9231 �g21:0013
� �2

a50:42431
0:88

11exp 2 �g20:9942
� �

=0:00218
� � 12

1

11exp 2 �g20:9989
� �

=0:00003
� � !

0:99 � �g � 0:9997

b50:0166110:246exp 20:5
�g20:9985

0:00191

� �2
� �

c50:082520:0574exp 20:5
�g20:9979

0:00703

� �2
� �

a 5 1, c 5 0 0:9997 � �g � 1

The values of a, b, and c are valid for a Reynolds number range of 0:001 � Re � 35.
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hIS �sð Þ5

2:7�0:234
s �s < 0:0012

20:019�20:455
s 10:963 0:0012 � �s < 0:014

0:868 exp 20:38�sð Þ20:176 exp 2119:2�sð Þ 0:014 � �s < 0:25

24:59 � 1025exp 19:75�sð Þ10:852 exp 20:268�sð Þ 0:25 � �s < 0:455

�s20:59ð Þ 2150�3
s 12203�2

s 21054�s1162
� �

0:455 � �s < 0:59

0 else

8>>>>>>>>>>><>>>>>>>>>>>:
(22)

and

g �sð Þ5
�0:24

s ð1:481exp ð218�sÞÞÞ �s < 0:18

1 �s � 0:18

(
(23)

Igci et al.29 and Igci and Sundaresan60 additionally intro-
duced wall modifications of the filtered residual correlations
for gas-particle flows in risers showing a significant reduc-
tion of the filtered drag near walls. Their correlation for the
drag coefficient near walls, bw

IS , reads

bw
IS 5

1

116e2a /ð Þxd
bIS ; (24)

where xd5gx=u2
t denotes the normalized dimensionless dis-

tance from the wall x. a /ð Þ is a function of the specularity

coefficient / appearing in the boundary conditions for colli-

sional flows of Johnson and Jackson.97 / is a measure of the

fraction of collisions transferring tangential momentum to

the wall. It has to be noted that these boundary conditions

do not distinguish between sliding and nonsliding particle

wall collisions in the case of a constant specularity coeffi-

cient and thus, the tangential solids stresses at the wall are

not limited by Coulomb friction98,99 Additionally, several

authors report that these boundary conditions may be unsuit-

able for general gas-particle flows.16,23,24,33,100 The simula-

tions of Igci and Sundaresan60 revealed that

a /ð Þ50:036/210:162/10:295

However, the fluidized bed studied in the results section
reveals that xd < 0:43 for all x. In the case of small values
of xd, the wall corrections appear nearly independent of /
and x yielding

bw
IS � 0:175bIS (25)

Thus, the additional drag modification does not seem to
apply to our case and, therefore, we do not consider this
correction.

Igci et al.39 also reported a significant contribution to the
filtered particle stresses arising from subfilter-scale Reyn-
olds-stress-like velocity fluctuations, which appeared to be
much larger than the particle stresses from kinetic theory.
Thus, they concluded that the contribution of the filtered
kinetic theory stresses could be neglected in a first approxi-
mation yielding a computationally efficient model for gas-
particle flows in risers. However, while their simulations
reveal a considerable filter length dependent contribution to
the particle stresses in the collisional regime, the particle
stresses do not show subfilter effects in the frictional regime.
Noteworthy, our simulations reveal that the unresolved con-
tribution of the particle stress influences, on the one hand,
the predicted bed expansion and, on the other hand, the

spatial particle distribution. The latter was also reported by
Igci et al.39 As a consequence, we consider the dominant
contribution from subfilter-scale Reynolds-stress-like velocity
fluctuations in this study.

Drag Model of Simonin’s Group

The filtered drag correlation for dense fluidized beds of
Geldart type A particles proposed by Simonin’s group28,59

has a very similar form to that of the Princeton
group.29,38,39,60 The filtered drag force reads

FP5bWY I1fP D�ð ÞhP b�sð ÞKð Þ ug2us

� �
5bP ug2us

� �
(26)

with ~�s5�s=�
max
s , the identity tensor I and the second rank

tensors K and bP. Note for one spatial dimension Eq. 26
reduces to

FP5bP ug2us

� �
(27)

where

bP5bWY 11fP D�ð ÞhP b�sð ÞKð Þ

The function fP D�ð Þ reveals the scaling with filter length

fP D�ð Þ5 D�2

a21D�2
(28)

with a � 0:0613 and D� reading as

D�5
Dfilter =sSt

pffiffiffiffiffiffiffiffi
gDh

p (29)

sSt
p denotes the Stokes relaxation time of a single isolated

particle defined as sSt
p 5qsd

2
s = 18lg

� �
and Dh the hydraulic

diameter of fluidized bed. It is assumed that the filter length,

Dfilter , is related to the grid spacing by Dfilter 52D, which is

determined empirically by adjusting the bed height of a sin-

gle coarse grid simulation. Analogous to Eq. 21, this choice

seems also arbitrary and no additional indications are given

about its general applicability. One important difference to

the filtered drag correlation of the Princeton group is that the

filter length is made dimensionless by using the bed diameter

instead of the terminal settling particle velocity.39 Addition-

ally, Parmentier et al.28 obtained from filtering fine grid sim-

ulations of a bubbling fluidized bed using Geldart type A

particles

hP ~�sð Þ52
ffiffiffiffi
~�s

p
12~�sð Þ2 121:88~�s15:16~�2

s

� �
(30)

The values of the second rank tensor Kij depend on the
spatial direction and the simulation case, for example, the
dimensions of the system and the inflow conditions. Due to
geometrical properties it is assumed that Kij50 for i 6¼ j
(i; j 2 x; y; zf g). The remaining entries along the main
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diagonal Kii are dynamically adjusted by adapting the meth-
odology of Germano et al.68 and Lilly.69 First, a second fil-
ter, called test filter, is applied to the resolved quantities of
the coarse grid simulation, that is,

bf x; tð Þ5 1

7
f x; tð Þ1

X3

i

f x1Dei; tð Þ1f x2Dei; tð Þð Þ
! 

(31)

with a characteristic length scale

bDfilter 5Dfilter 1
24

7
D

and the unit vector ei in i-th direction. Then, K can be
evaluated from

K52LM21 (32)

with

L5I d�susg 2b�sbusg

� �
(33)

M5I d�sh ~�sð Þusg

� �
fP D�ð Þ2b�sh b~� s

� �busg fP bD�� �� �
(34)

where usg 5us2ug, busg 5bus2bug, bus5d�sus=b�s, andbug5d�gug=b�g. bD� is the dimensionless form of bDfilter accord-
ing to Eq. 29.

Finally, in the case of the fluidized bed studied in Parment-
ier et al.,28 Kzz appears nearly independent of the vertical
coordinate and is approximately 4 for D564ds. In this study,
we investigate a dynamically adjusted, that is K evaluated
from Eq. 32 (denoted by bP), and an unadjusted case, that is
K5I (denoted by bP). Note, bP and bIS (without wall correc-
tions) only differ in form of the scaling with the filter length.

CD-Lab Model

Schneiderbauer et al.42 obtained a grid-dependent expres-
sion for Hd, which followed the idea of the formation of clus-
ters inside a fluidized bed described by Eqs. 4–13 (compare
also with Figure 1). For Geldart B and D particles it is reason-
able to assume that O �d

s

� �
� O �c

s

� �
,27 which implies �d

g � 1.
In this case, �d

s ud
s f d � �c

suc
s f c and this, in turn, implies

�c
suc

s f c � �sus. By using �c
s f c � �s Eqs. 11–13 reduce to

�gug5ud
gf d1�c

guc
gf c (35)

us5uc
s (36)

�g5f d1�c
gf c (37)

In this limit, Fd
d is negligible compared to Fcl

d and Fc
d, and

hence, Eq. 4 yields

Fcl
d � f dFc

d (38)

If the voidage within clusters, �c
g, is known, the fraction of

clusters can be computed from Eq. 37 as follows

f c5
12�g

12�c
g

5
�s

�c
s

(39)

Wang et al.54 proposed that

�c
g5�g2nr� (40)

with n 5 2. r� denotes the standard deviation of the fluctua-
tions of the solids volume fraction. Based on a doubly sto-
chastic Poisson process, that is, the number of particles in a
cluster follows a negative exponential distribution81 and

these randomly distributed particles inside a cluster follow a
Poisson distribution, Wang et al.54 calculated r� as

r�5�s

ffiffiffiffiffiffiffiffiffiffi
S �sð Þ

p
(41)

where S �sð Þ is the static structure factor in the small wave
vector limit written as

S �sð Þ5
12�sð Þ4

114�s14�2
s 24�3

s 1�4
s

(42)

However, Eq. 40 does not approach 12�max
s as �s tends to

�max
s although no heterogenous structures exist at maximum

packing. The requirement r� �max
s

� �
50 is also supported by

experimental data.101 We, therefore, propose to replace the
constant n in Eq. 40 by

~n5
1

2
n tanh

�s2�
blend
s

rblend
�

	 

(43)

which is consistent with the data of Manyele et al.102 yield-
ing �blend

s � 0:3 and rblend
� � 0:15.

Furthermore, a closure for the cluster diameter, dcl, is
required. For Geldart type A particles and fast fluidization
the probability density function of the normalized cluster
diameter, n5dcl =ds was determined experimentally, for
example, by Zou et al.81 reading as

p nð Þ5A exp 2
n21ð Þb

d

 !
(44)

with d5�n1
s �mf

s 2�s

� �2n2�2n3
g and A is determined byð1

1

p nð Þdn51. �mf
s denotes the solids volume fraction at mini-

mum fluidization conditions. By correlating with their experi-
mental data, the following parameters were obtained81:
b50:72, n150:25, n252:41, and n351:5. Note that the pres-
ent study aims on the application of the CD-Lab drag modifi-
cation to a bubbling fluidized bed of Geldart B particles.
However, to the authors’ knowledge, there is no literature
specifying the probability density function of the particle clus-
ter diameter of Geldart type B particles, and thus, in a first
step, we use Eq. 44.

The average cluster diameter as a function of the solids
volume fraction yields

hni15

ð1
1

np nð Þdn � 1:8543d1:388911 (45)

This result corresponds well with other data from litera-
ture.103,104 It is observed that the mean cluster diameter is a
monotonically increasing function with the mean solids vol-
ume fraction and diverges at �mf

s . Physically, this behavior is
reasonable as no fluidization occurs above �mf

s , and the
homogenous distribution of the particles is recovered. How-
ever, clusters greater than the grid spacing D are resolved by
the grid and, therefore, require no additional modeling. In
this case, according to the assumption of uniformly distrib-
uted particles inside a cluster, homogenous conditions in a
numerical cell establish and bWY (Eq. 58) would be applica-
ble directly. Therefore, we propose to use the expectation
value of the unresolved clusters for dcl, that is

dcl 5dshniD with hniD5

ðD=ds

1

np nð Þdn (46)
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The antiderivative in Eq. 46 can be evaluated by the sub-
stitution f5n21, which yields

dcl 5ds

ðD=ds21

0

f11ð Þp fð Þdf (47)

Integration gives

dcl 5ds

C b
� �

2C b;D
� �

1d1=b C 2b
� �

2C 2b;D
� �� �

bC 11b
� � (48)

with

b5b21 and D5
D
ds

21

	 
b

d21

C a; zð Þ denotes the incomplete Gamma function given by

C a; zð Þ5
ð1

z

ta21e2tdt

Note that C að Þ5C a; 0ð Þ. As D approaches 1, dcl tends to
result of Eq. 45, that is

lim
D!1

dcl 5dshni1 (49)

In Figure 2, the expectation value of the dimensionless
cluster diameter hniD5dcl =ds is plotted as a function of the
mean voidage �g. The figure shows that for grid spacings of
O Dð Þ < O 8dsð Þ the unresolved clusters only have a minor
effect on regions of high voidage, that is, �g > 0:85. Thus, in
the case of fluidized beds, where regions of low voidage are
predominant, a homogenous drag law can be applied for grid
spacings D�10ds.

47 In contrast, for grid spacings of O Dð Þ >
O 64dsð Þ clusters containing a huge number of particles are
present for nearly the whole range of �g indicating pro-
nounced heterogenous subgrid structures, which require addi-
tional modeling in the sense of Eqs. 35–38.

To sum up, we have closed the system of Eqs. 35–38 by
assumptions about the void fraction inside a cluster (Eq. 40)
and the mean unresolved cluster diameter (Eq. 48). However,
the fluid velocity in the dilute region, uc

g, and the fluid

velocity inside a cluster, uc
g remain unknown. These can be

obtained from the following nonlinear system of equations

D ud
g;u

c
g

� �
5

�gug2ud
gf d2�c

guc
gf c

Fcl
d 2f dFc

d

 !
50 (50)

with us5uc
s and f d1f c51. Equation 50 can be solved itera-

tively by applying Newton’s method or Broydon’s method.
Finally, the effective drag coefficient including subgrid

structures may read as

bCL 5
1

jjug2usjj
kFcl

d 1f cFc
dk (51)

where Fcl
d and Fd

d can be computed from the solution of
Eq. 50.

Comparison of Drag Modifications

In Figure 3, the heterogeneity indices Hi
d5bi=bWY

(i 2 E;K; IS ;P;CLf g) for the discussed drag modifications
are plotted as a function of the mean voidage for different
slip velocities and grid spacings (filter lengths).

Figure 3e shows that HCL
d � 1, that is, compared to the

homogeneous correlation bWY the effective drag bCL is sig-
nificantly reduced, at voidages �g with large unresolved clus-
ters. Next, HCL

d slightly increases for increasing slip velocity
usl

s , which is in accordance with the predictions of the
EMMS model, bE (Figure 3a). In contrast, we observe from
Figures 3b and f that bK is considerably reduced with
increasing slip velocity, whereas bIS and bP do not show
any dependence on the slip velocity (Figures 3c and
d).28,29,38,39,60 For very low slip velocities, that is,
�gusl

s � �mf
g ug, bK even reveals Hd > 1 for a wide range of

gas volume fractions. This is not observed for the other drag
modifications.

Given that the expectation value of the diameter of the
unresolved clusters increases with increasing grid spacing D,
HCL

d decreases with increasing grid spacing (Figure 3e). This
is in contrast to the EMMS model, which does not distin-
guish between resolved and unresolved clusters. This, in
turn, implies that EMMS predicts a significantly lower heter-
ogeneity index than the CD-Lab model in the dense regime
(low voidage), where the clusters may be resolved by the
grid (Figure 3a). Remarkably, HE

d even decreases again as
the solids volume fraction approaches the maximum packing,
which is not supported by fine grid simulations.28,39,60 For
solids volume fractions above the minimum fluidization
point, the prevailing frictional stresses may also homogenize
the granular assembly and, therefore, Hd should reach unity
for �s > �mf

s as predicted by HCL
d , HIS

d , and HP
d . As the

EMMS model HK
d does not distinguish between resolved

bubbles and unresolved bubbles. Thus, HK
d decreases for

decreasing voidage as long as �g > �mf
g but is set to unity for

�g < �mf
g according to the above arguments (Figure 3b).

Thus, HE
d and HK

d prescribe a mesh size independent modifi-
cation of the homogeneous drag coefficient, and may be
regarded as the large filter length (grid spacing) limit. As a
consequence, both do not approach unity for sufficiently fine
grids, and this, in turn, implies that these do not recover the
homogenous drag correlation in this limit.

Figures 3c and d reveal that HIS
d and HP

d decrease with
increasing grid spacings, which requires higher-filter lengths
(Dfilter �2D). Both show an asymptotic behavior for large

Figure 2. The dimensionless average cluster diameter
hniD5dcl =ds as a function of the mean voi-
dage �g (�mf

s 50:55) for different grid spacings:
—— 8ds; — — 64ds; 2 �2‘ (as used in
EMMS26,54,57).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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filter lengths (e.g., D in the order of the bed diameter). In
this case, HCL

d shows a different asymptotical behavior
(compare with Eq. 64), yielding HCL

d D5Dhð Þ � HIS
d D5Dhð Þ

and HCL
d D5Dhð Þ � HP

d D5Dhð Þ (Figure 3f). This is attrib-
uted to the assumption of homogenous conditions within
clusters, which is, however, crucial in the case of large clus-
ters, where again clusters may form inside the larger
clusters.

Although, HIS
d and HP

d use different scalings with filter
length, that is the terminal settling velocity for HIS

d (Eq. 20)

and the hydraulic diameter of the bed for HP
d (Eq. 28), both

reveal similar heterogeneity indices for 150 mm particles in
the case of the unadjusted bP (Figures 3c, d, and f). Further-
more, both heterogeneity indices tend to unity as the particle
diameter increases, when the ratio D=ds is kept constant. In
contrast, HCL

d does not reveal such a trend as it depends on
D=ds. However, the large filter limits are not affected by the
particle diameter. Significant differences between HIS

d and
HP

d establish as the extensions of the fluidized bed become
large. In this case, fP tends to zero implying lim Dh!1 HP

d 51

Figure 3. Heterogeneity index Hi
d5bi=bWY (i‰ E;K; IS ;P;CLf g) for qs52500 kg s21 and ds5150 lm as a function of

the mean voidage �g for different grid spacings and slip velocities usl
s 5jjug2usjj in the case of the bub-

bling fluidized bed presented in the results section (�mf
s 50:55): — D564ds with usl

s 50:2 m s21; ——
D564ds with usl

s 55 m s21; 2 �2 D5256ds (� Dh) with usl
s 50:2 m s21. (a) HE

d (Table 1), (b) HK
d (Eq. 16), (c)

HIS
d (Eq. 19), (d) HP

d (Eq. 26): — and 2 �2K54I, � � �K5I with D564ds, (e) HCL
d (Eq. 51), and (f) comparison

of drag modifications; the shaded areas emphasize drag modifications depending on the slip velocity.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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and, therefore, no drag modification is applied whereas HIS
d

remains unchanged.
Finally, it has to be noted that bK does not reveal continu-

ous behavior at �mf
g as claimed by Wang et al.27 (Figure 3b).

In contrast, all the others are continuous for reasonable �g

(Figure 3f). It is noteworthy that none of the drag modifica-
tions depends on particle properties, for example, the parti-
cle–particle restitution coefficient es, which is consistent with
the data of Igci and Sundaresan.60

Bubbling Fluidized Bed

To study the subgrid drag correlations in the bubbling/
slugging regime, we investigated a gas–solid fluidized bed of
Geldart B glass particles. Two simple cases with different
superficial vertical gas velocities Win

g 50:21 m s21 and
Win

g 50:63 m s21 at the inflow are studied by using the TFM
model for gas-particle flows of Schneiderbauer et al.,23

which is summarized in the Appendix. At the side walls, we
apply a no-slip boundary condition for the gas phase and a
partial slip boundary conditions for the solid phase (Table 4
and Figure 4). The physical parameters are given in Table 2.
Thus, the ratio of the superficial gas velocity and the termi-
nal settling velocity of an isolated particle is between 0.22
and 0.7, which is less than that for the case studied in Par-
mentier et al.28

The dimensions of the fluidized bed are given in Figure 4.
Note these correspond to our in-house experiment, which
will be used for future validation studies.

Following our previous studies,23,24,42 we apply the com-
putational fluid dynamics solver FLUENT (version 14) to
solve the model equations (Table 3), whereby Eqs. 9, 16, 19,
27, 51, and 60–70 are not covered by its standard functional
range. These are, therefore, implemented by user defined
functions. For the discretization of the convective terms
appearing in the transport Eqs. 54, 55, 56 and 57, a second-
order upwind scheme is used. The derivatives appearing in
the diffusion terms in Eqs. 55–57 are computed by a least
squares method, and the pressure–velocity coupling is
achieved by the SIMPLE algorithm, whereas the face pres-
sures are computed as the average of the pressure values in
the adjacent cells (linear interpolation). The time step size is
set adaptively to comply

max q;XCFL q;D < 1

at every time step, where CFL q;D denotes the Courant
number of phase q based on the grid spacing D and X is the
simulation domain.

Low superficial gas velocity: Win
g 50:21ms 21

We obtained a time-dependent solution using a grid spac-
ing Df58ds, which is assumed to be sufficiently fine to
resolve all heterogeneous structures,47 referred to as refer-
ence solution. Thus, we used the homogenous drag correla-
tion in Eq. 58, that is, bi � bWY for D�10ds in the case of
fluidized beds. Note bE and bK do not reveal the homoge-
nous drag correlation in the fine grid limit as discussed in
the last section. To study the effect of subgrid structures on
the behavior of the fluidized bed, for example, the bed
expansion, we repeated this simulation using a grid spacing
of Dc564ds (coarse grid) with bi with i 2 E;K; IS ;f
P;CL ;WY g.

Particle Volume Fraction. In Figure 5a, a comparison of
the time-averaged axial profile of the solids volume fraction
�s for Win

g 50:21 m s21 is shown. First, it is observed that
neglecting subgrid heterogeneity, that is, b � bWY , leads to
a significant overprediction of the bed expansion using the
coarse grid. In fact, the bed expansion is overestimated con-
siderably (by ca. 80%) compared to the fine grid reference
simulation, which is generally agreed.26–32 This, in turn,
implies that using the homogenous drag correlation on
coarse grids underestimates the time averaged volume frac-
tions within the bed (Figure 6). Furthermore, Figure 5b
shows that the coarse grid simulation generally underesti-
mates the standard deviation of the time averaged solids vol-
ume fraction. This gives evidence of less pronounced
bubbling of the fluidized bed using the coarse grid. In other
words, the particles are predicted to be less heterogeneously
distributed and no distinct bubbles form, which is also con-
firmed by comparing snapshots of the spatial distribution of
the solids volume fraction (Figures 7a, b, and i).

Figure 4. Sketch of the bubbling fluidized bed geome-
try.

At the bottom gas is distributed homogeneously to the

bed with a superficial gas velocity W in
g .

Table 2. Physical Parameters (for Reference

See
23,27,61,64,67,105,106

)

Property Value Unit

particle diameter ds 150 mm
particle density qs 2500 kg m23

gas density qg 1.224 kg m23

solids volume fraction at minimum
fluidization conditions

�mf
s � 0:55 –

solids volume fraction at maximum
packing

�max
s 0.6 –

initial bed height h0 0.5 m
bed height at minimum fluidization

conditions
hmf h0 m

initial solids volume fraction �s;0 0.55 –
gas velocity at minimum fluidization

conditions
umf

g � 0:18 m s21

superficial gas velocity at minimum
fluidization conditions

Umf
g � 0:08 m s21

terminal settling velocity of an
isolated particle

ut 0.96 m s21

coefficient of wall friction lw 0.5 –
coefficient of restitution for

particle–particle collisions
es 0.9 –

coefficient of restitution for
particle–wall collisions

ew 0.9 –

tangential restitution coefficient b0 0.4 –
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Second, we investigated the behavior of the fluidized bed
when applying the different subgrid drag closures bi

(i 2 E;K; IS ;P;CLf g) on the coarse grid (Dc564ds).
Remarkably, although these reveal significant different
dependencies on usl

s and �g Figure 5a clearly demonstrates
that the predicted bed expansions are in fairly good agree-
ment with the fine grid data (compare also with Figure 7).
Our results show that applying the dynamic adjustment pro-
cedure in the case of bP slightly improves the agreement
with the reference solution with respect to the bed expan-
sion. It is noteworthy that accounting for the subgrid stress
contribution in the case of bIS appears to considerably
increase the correlation of the predicted spatial particle

distribution with the fine grid simulation when compared to
the equivalent drag correction bP (compare with Figure 3).
Thus, the different characteristic length scales used for filter-
ing u2

t =g and sSt
p

ffiffiffiffiffiffiffiffi
gDh

p
seem to be appropriate in this case,

although, it is observed that HIS
d and HP

d K51ð Þ rapidly
approach unity as the particle diameter increases even for fil-
ter lengths of several hundreds of particle diameters. In par-
ticular, the studies of28,38,39,60 are based on particles with
ds < 100 mm (Geldart type A). Finally, bE yields a slightly
lower bed expansion than bCL , which can be attributed to
the low values of HE

d at low voidages, that is, in the fric-
tional regime, where the others recover the homogenous
drag and especially HK

d is set to unity. Furthermore, bE may

Figure 5. Axial profiles of the time averaged solids volume fraction, <�s>, and its standard deviation, r�, for W in
g 50:21 m s21

and Dc564ds (the averaging time is 10 s): ——— bCL (Eq. 51); —.— bP (Eq. 26); — — — bP (K = 1) (Eq. 27); . . . . bK

(Eq. 16); 2222 bE EMMS (Eq. 9); 2 �2bIS (Eq. 19); 222bWY (Eq. 58); 3 bWY with Df58ds (Eq. 58). Note the
results of the fine grid simulation are displayed on the coarse grid by applying a box filter with filter
length Dc.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 6. Horizontal profiles in the middle plane of the time averaged solids volume fraction, �s, for W in
g 50:21 m

s21 and Dc564ds (the averaging time is 10 s).

The lines and symbols have the same meaning as in Figure 5. Note the results of the fine grid simulation are displayed on the

coarse grid by applying a box filter with filter length Dc. lb (5150 mm) denotes the length of the bed. [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.]
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represent the large grid limit of Hd as mentioned in the pre-
vious section, which, in turn, implies an overestimation of
the drag reduction in the case of intermediate grid sizes
(Dc564ds).

Figure 5a also shows that all subgrid drag modifications
predict the axial time-averaged profile of the solids volume
fraction appropriately, which is characterized by higher-
particle concentrations in the gas-inflow area, that is, h�si �
0:45 for z=h0 < 0:6 and lower particle concentrations at
lower hydrostatic pressure, that is, h�si � 0:4 for z=h0 > 0:6.

The horizontal profiles of the time averaged volume frac-
tion (Figure 6) confirm that the subgrid modifications of the
drag force reveal particle accumulation at the side walls and
bubble accretion in the center of the bed as observed from
the fine grid simulation. However, on the coarse grid this
tendency is more pronounced than on the fine grid support-
ing the demand of wall corrections.60

From Figure 5b, we deduce two classes of subgrid drag
models. Models preserving the bubbling regime and models,
which do not preserve bubbling. Even though, the standard
deviation of the time averaged solids volume fraction differs
from the fine grid simulation up to 50% in the gas-inflow
area, the formation of distinct bubbles is recovered by the
coarse grid simulation applying bK, bE, and bCL . This is
also observed from snapshots of the solids volume fraction,
�s, in Figure 7. Obviously, while bK, bE, and bCL deliver
similar bubble patterns compared to the filtered fine grid
simulation (Figure 7b) bP (Figure 7d), bP (Figure 7e), and
bIS (Figure 7h) reveal less distinct bubbles. It is noteworthy
that bIS and bP reveal less pronounced bubbles than bP,
while all of these modifications are derived from similar fil-
tering approaches. In contrast to bIS and bP, which directly
stem from filtering the drag force, bP includes a second filter

operation, which dynamically adapts the drag modification
by introducing a subgrid drift velocity. Note that accounting
for the subfilter stresses in the case of bIS does not reveal
more distinct bubbles than in the case of bP (� bIS , compare
with Figure 3). To conclude, it is observed that slip-velocity
dependent drag modifications (bK, bE, bCL ) show as distinct
bubbles as received from the reference simulation while
ignoring the influence of the slip-velocity on HD appears to
smooth out the bubble edges (bIS , bP). bP accounts for the
slip-velocity implicitly by the second filter operation (Eq.
28) giving moderately pronounced bubbles.

Bubble Size, Number Density, and Rise Velocity. The
results presented in the last subsection reveal that the differ-
ent drag modifications deliver either distinct or less devel-
oped bubbles. Additionally, we may ask whether the coarse
grid simulations are able to predict the mean bubble diame-
ters, the bubble density, and the bubble rise velocity suffi-
ciently. Thus, we evaluate the bubble properties using digital
image analysis of the volume fraction maps of the center
plane. The methodology follows the procedure presented by
Li et al.33 and Busciglio et al.107 In a first step, the solid
fractions are exported to a grayscale map and then converted
to binary images by applying a constant grayscale threshold
of tb50:5�max

s . After thresholding self-contained areas Ab

with db5
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4Ab=p

p
> Dc are detected as bubbles, where valid

area-centroids are limited to values between 0:05h0 and h0.
This procedure eliminates on the one hand, all small bubbles
close to the distributor plate, which tend to merge very
quickly. Conversely, all erupting bubbles are excluded as
soon as they have an open connection to the void section
above the bed. In a second processing step, the identified
bubbles are matched between two consecutive time steps in
the sense of a Lagrangian object tracking.108 It has to be

Figure 7. Snapshots of the solids volume fraction, �s, at t 5 10 s for W in
g 50:21 m s21 (white: �s50; black: �s5�max

s ).
(a) fine grid, (b) fine grid with applied box filter with lD5D, (c) coarse grid using bCL (Eq. 51), (d) coarse
grid using bP (Eq. 26), (e) coarse grid using bP (K = 1) (Eq. 27), (f) coarse grid using bK (Eq. 16), (g) coarse
grid using bE (Eq. 9), (h) coarse grid using bIS (Eq. 19), and (i) coarse grid using bWY (Eq. 58). lb (5150
mm) denotes the length of the bed.

The figure shows distinct bubbles for bP, bCL , bK, bE and blurred bubbles for bP (K 51), bIS , and bWY .
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noted that we determine the bubble behavior received from
the fine grid simulation directly without an additional filter-
ing operation.

In Figure 8, the corresponding dimensionless mean bubble
diameter as a function of the normalized height z=h0 is plot-
ted. Remarkably, each drag modification is in fairly good
agreement with the bubble size obtained from the fine grid
simulation, that is, the increasing bubble diameter with
decreasing hydrostatic pressure. bIS , bP, and bP, which show
less distinct bubbles than observed in the fine grid simula-
tion, slightly underestimate the mean bubble diameter in the
upper region of the bed. It is interesting to note that even
the homogenous drag correlation bWY yields the bubble
diameter appropriately, that is, within the spread of the fine
grid simulation. However, in the case of bIS , bP, bP, and
bWY the value of the bubble threshold tb appears to have a
significant influence on the bubble statistics. Nevertheless,
all coarse grid simulations yield a fairly good estimate of the
mean bubble sizes with height.

Figure 9 shows the bubble number density as a function
of the bubble diameter. All the drag modifications yield quite
similar bubble distributions and are in fairly good agreement
with the fine grid solution. However, below z=h050:1 small
bubbles of size O Dcð Þ prevail in the case of the fine grid
(Figure 7a) and, therefore, the coarse grid simulations under-
estimate the amount of bubbles near the distributor plate.
This, in turn, gave indication of a grid limit for the smallest
resolved bubble by the coarse mesh, which is also supported
by Figure 9 yielding a considerable underestimation of the
amount of bubbles with db < 0:2b � 2Dc.

The bubble rise velocity ub in a freely bubbling fluidized
bed is usually correlated to the bubble diameter by109

ub5w Win
g 2Umf

g

� �
1C

ffiffiffiffiffiffiffi
gdb

p
(52)

where different values between 0.5 and 1 have be proposed
for the constant C. Umf

g denotes the superficial gas velocity
at minimum fluidization conditions (cf. Table 2). In the case

Figure 9. Normalized bubble number density as a func-
tion of the normalized mean bubble diameter
db=b for W in

g 50:21 m s21 and Dc564ds (sam-
pling time is 10 s). lb (5150 mm) denotes the
length of the bed.

The lines and symbols have the same meaning as in Fig-

ure 5. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Figure 8. Dimensionless mean bubble diameter as a
function of the normalized height z=h0 for
W in

g 50:21 m s21 and Dc564ds (sampling time
is 10 s). lb (5150 mm) denotes the length of
the bed. The lines and symbols have the
same meaning as in Figure 5.

The points indicate the spread of the bubble size

obtained from the fine grid simulation. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 10. Dimensionless bubble rise velocity ub=W
in
g

as a function of the normalized bubble
diameter db=b for W in

g 50:21 m s21 and
Dc564ds (sampling time is 10 s). lb (5150
mm) denotes the length of the bed.

The lines and symbols have the same meaning as in

Figure 5. w indicates Eq. 52 with w50:65 and C50:5.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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of pseudo-2-D bubbling fluidized beds Mudde et al.110 and
Laverman et al.108 suggested that using C � 0:5 gives fairly
good agreement with experimental data. Especially, for high
bed aspect ratios C appears to be independent of the bed
width.108 The value of the visual flow rate w, which has
been determined by Hilligardt and Werther111 for bed aspect
ratios up to 2 to be approximately 0.65. We, therefore, com-
pare the computed bubble rise velocities with Eq. 68 using
w50:65 and C50:5. It has to be noted that we exclude bub-
ble rise velocities from the statistics exceeding a maximum
rise velocity, which is set to five times the bubble velocity

ub as obtained from Eq. 52 with db5lb, where lb (5150 mm)
denotes the length of the bed.

Figure 10 reveals that the fine grid simulation shows fairly
good agreement with Eq. 52. However, each coarse grid sim-
ulation considerably overestimates the rise velocity of the
bubbles, although the size of the bubbles is consistent with
the fine grid simulation. The raw data (not shown here) sug-
gests that primarily the rise velocity of the larger bubbles is
substantially overpredicted by the coarse grid simulations.
This, in turn, implies that the countercurrently downflowing
layer of particles around these larger bubbles112 is not

Figure 11. Axial profiles of (a) the time averaged dimensionless superficial gas velocity in vertical direction,
hWgi=W in

g 21 and (b) of the time averaged dimensionless particle mass flux in vertical direction,
hqsi=qch

s , for W in
g 50:21 m s21 and Dc564ds (the averaging time is 10 s).

The lines and symbols have the same meaning as in figure 5. Note the results of the fine grid simulation are displayed on the

coarse grid by applying a box filter with filter length Dc. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 12. Horizontal profiles in the middle plane of the time averaged dimensionless superficial gas velocity in verti-
cal direction, hWgi=W in

g 21, for W in
g 50:21 m s21 and Dc564ds (the averaging time is 10 s).

The lines and symbols have the same meaning as in Figure 5. Note the results of the fine grid simulation are displayed on the coarse

grid by applying a box filter with filter length Dc. lb (5150 mm) denotes the length of the bed. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]
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resolved adequately supporting the demand of subgrid stress
closures at volume fractions near the closest packing. Inter-
estingly, the computed bubble rise velocity hardly depends
on the drag modification.

Superficial Gas Flow. Figures 11a and 12 compare the
axial and horizontal profiles of the time averaged dimension-
less superficial gas velocities. The figures show that the
coarse grid superficial gas velocities show same behavior as
the fine grid simulation for all drag modifications in the case
of z=h0 < 1. Especially, in areas with higher voidage, that is,
in the center region of the fluidized bed, higher-superficial
gas velocities are observed, which are up to three times
higher than the incoming superficial gas velocity. In the side
regions, a countercurrent gas flow establishes to comply
mass conservation, which is equally detected by the coarse
grid simulations. The application of the homogenous drag
correlation bWY , however, fails to predict the gas flow in the
fluidized bed.

Particle Mass Flux. Figures 11b and 13 show the varia-
tions of the corresponding dimensionless solids mass flux,
which is made dimensionless using a characteristic solid
flux, qch

s 5�max
s qsut.

60 Similar to the fine grid case, the coarse
grid simulations yield rising particles in the center of the bed
and slowly downward flowing particles in the dense side
region. However, the particle phase mass flux is on the one
hand, underestimated by bK, bP, bE and bCL and on the
other hand, correctly estimated by bP, bIS . The homogenous
drag law bWY yields a considerable overestimation of
hqsi=qch

s . Thus, Figures 11b and 13 indicate that the sol-
ids phase velocity is as well underestimated by bK and
bCL because the time averaged solids volume fraction is
in good agreement with the fine grid results for these
drag modifications. In contrast, bIS appears to compute
the solids mass flux more precisely and, therefore, pre-
dicts the correct slip velocity. As before, although bWY

reveals the correct direction of the particle flux, its value
is considerably overestimated compared to the fine grid
case.

High-superficial gas velocity: Win
g 50:63ms 21

Particle Volume Fraction. Figure 14 compares the axial

time-averaged profiles of the solids volume fraction, �s, and

its standard deviation, r�, for Win
g 50:63 m s21. Similar to

the Win
g 50:21 m s21 case the application of the homogenous

drag coefficient bWY yields a considerably overestimated

bed expansion. Additionally, the bWY -results do not reflect

the pronounced bubbling and slugging of the bed, respec-

tively (see also Figures 15, 16a, b, and i). The figure high-

lights that the different subgrid drag closures give similar

trends as in the case of Win
g 50:21 m s21. While bP overesti-

mates the bed expansion and does not preserve bubbling

(Figures 16e and h), bE slightly underestimates the bed

expansion but delivers sharp distinct bubbles (Figure 16e). In

contrast to the prior case (Win
g 50:21 m s21), the drag modi-

fication bK slightly underpredicts the bed expansion which is

a consequence of the considerable decrease of HK
d with

increasing particle slip. bCL , bP, bE, and bK (Figures 14c–d

and e–f) overestimate the solids volume fraction directly

above the gas feed, which may be attributed to neglecting

inflow effects 29,60 by the different models and the contribu-

tion of the subgrid particle stresses. In particular, in the case

of bE and bCL it is not reasonable that larger clusters are

observed directly above the distributor plate. In contrast to

bP, accounting for the contribution of the subgrid stresses in

the case of bIS yields a fairly good estimate of the particle

distribution.
At the top of the bed, Figures 14a and 16a report the

entrainment of small particle clusters with a diameter of
O Dcð Þ, which is only observed in the case of bP and bIS

adequately. Despite such a deficiency, bCL also reveals a
fairly good estimate of the bed expansion. Furthermore, the
standard deviations of h�si indicate appropriate bubbling
behavior in the case of bP, bE, bK, and bCL similar to the
Win

g 50:21 m s21. This is also deduced from Figure 16.
Figure 15 reports bubble aggregation in the center of the

bed in the case of the fine grid simulation, which is also

Figure 13. Horizontal profiles in the middle plane of the time averaged dimensionless particle mass flux in vertical
direction, hqsi=qch

s , for W in
g 50:21 m s21 and Dc564ds (the averaging time is 10 s).

The lines and symbols have the same meaning as in Figure 5. Note the results of the fine grid simulation are displayed on the

coarse grid by applying a box filter with filter length Dc. lb (5150 mm) denotes the length of the bed. [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.]
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observed from coarse grid results. Again the results indicate
the necessity of wall corrections.

Bubble Size, Number Density, and Rise Velocity. Figure
17 compares the dimensionless mean bubble diameter as a
function of the dimensionless height z=h0. The bubble sizes
are predicted appropriately by all coarse grid simulations in
the lower part of the bed. The decreasing bubble diameter
with increasing height above z=h0 � 0:7 is attributed to the
bursting of larger bubbles and slugs at the top of the bed,
while smaller bubbles persist. However, these small bubbles
are detected very infrequently by the coarse grid simulations
in contrast to the reference case.

Figure 18 reports the bubble number density as a function
of the dimensionless bubble diameter. Remarkably, the
coarse grid simulations reveal a fairly good measure of bub-
ble number density. However, the amount of small bubble
directly above gas feed, that is, O dbð Þ�O Dcð Þ, is underesti-
mated using coarse grids.

In contrast to Win
g 50:21 m s21, Figure 19 emphasizes that

each coarse grid simulation is able to predict the bubble
(slug) rise velocities as a function of the dimensionless bub-
ble diameter. Figures 7 and 16 reveal that in the case of low
superficial gas velocities typical bubbles with a circular cap
and a downstream wake dominate; whereas, in the case of

Figure 15. Horizontal profiles in the middle plane of the time averaged solids volume fraction, h�si, for W in
g 50:63 m

s21 and Dc564ds (the averaging time is 10 s).

The lines and symbols have the same meaning as in Figure 5. Note the results of the fine grid simulation are displayed on the

coarse grid by applying a box filter with filter length Dc. lb (5150 mm) denotes the length of the bed. [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.]

Figure 14. Axial profiles of the time averaged solids volume fraction, h�si, and its standard deviation, r�, for
W in

g 50:63 m s21 and Dc564ds (the averaging time is 10 s).

The lines and symbols have the same meaning as in Figure 5. Note the results of the fine grid simulation are displayed on the

coarse grid by applying a box filter with filter length Dc. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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Figure 16. Snapshots of the solids volume fraction, �s, at t 5 10 s for W in
g 50:63 m s21 (white: �s50; black: �s5�max

s ).
(a) fine grid, (b) fine grid with applied box filter with lD5D, (c) coarse grid using bCL (Eq. 51), (d) coarse
grid using bP (Eq. 26), (e) coarse grid using bP (K = 1) (Eq. 27), (f) coarse grid using bK (Eq. 16), (g) coarse
grid using bE (Eq. 9), (h) coarse grid using bIS (Eq. 19), (i) coarse grid using bWY (Eq. 58). lb (5150 mm)
denotes the length of the bed.

The figure shows distinct bubbles for bP, bCL , bK, bE and blurred bubbles for bP (K = 1), bIS and bWY .

Figure 17. Dimensionless mean bubble diameter as a
function of the normalized height z=h0 for
W in

g 50:63 m s21 and Dc564ds (sampling
time is 10 s). lb (5150 mm) denotes the
length of the bed.

The lines and symbols have the same meaning as in

Figure 5. The points indicate the spread of the bubble

size obtained from the fine grid simulation. [Color fig-

ure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Figure 18. Normalized bubble number density as a
function of the normalized mean bubble
diameter db=b for W in

g 50:63 m s21 and
Dc564ds (sampling time is 10 s). lb (5150
mm) denotes the length of the bed.

The lines and symbols have the same meaning as in

Figure 5. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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high-superficial gas velocities larger bubble has the form of
long vertical slugs with high-aspect ratios.

Superficial Gas Flow and Particle Mass Flux. The pro-
files of the dimensionless superficial gas velocities and the
dimensionless particle mass fluxes (not shown here) show
similar trends as in the case of Win

g 50:21 m s21. That is the
strong upward current of gas in the center and a countercur-
rent gas flow in the side regions of the bed. Rising particles
in the center of the bed and slowly downward moving par-
ticles in the dense side region are also observed. This is also
consistent with the reference simulation.

Conclusions

We have introduced a new closure for the heterogeneity
index Hd, that is the correction of a homogenous drag cor-
relation to account for subgrid structures. Its derivation is
based on the assumption about the formation of clusters.
In contrast to EMMS, which is also fundamentally based
on the cluster concept, we distinguish between resolved
and unresolved clusters. Furthermore, we assumed that the
solids volume within the dilute phase is negligibly small
leading to a closed set of equation for the heterogeneity
index.

We have also presented a comparative study of the drag
correlations of the groups of EMMS,26 Kuipers (Wang
et al.27), Sundaresan (Igci et al.38,39), Simonin (Parmentier
et al.28), the presented relation and the homogenous drag law
of Wen and Yu,80 which have been applied to a coarse grid
simulation of a bubbling fluidized bed of fine glass particles
(Geldart type B) at two different superficial gas velocities
(Win

g =ut50:21 and Win
g =ut50:63). The results are discussed

with respect to fine grid reference simulations. This compar-
ative study reveals that:

(a) Applying a homogenous drag law, which ignores unre-
solved subgrid structures, fails to predict the hydrodynamics
of the bubbling fluidized bed using a coarse mesh.

(b) Applying one of the discussed subgrid drag modifi-
cations reveals the main features of the gas-particle flow
in the bubbling fluidized bed and each subgrid drag modi-
fication estimates the bed expansion adequately (with a
maximum error of 610%) for both superficial gas veloc-
ities. However, the drag corrections of Parmentier et al.28

considering the dynamic adjustment procedure, EMMS26

and Wang et al.27 tend to underestimate the mean voidage
in the center of the bed, while the remaining subgrid
modifications yield fairly good agreement of the particle
distribution with the fine grid results (Figures 5, 6, 14
and 15).

(c) A drag modification is expected to show an appropri-
ate functional dependence on the grid spacing to reveal grid-
independent solutions.

(d) The subgrid modifications can be classified into
the models, which yield sharp distinct bubbles, and the
models, which return smooth blurred bubbles. The
results indicate that ignoring the impact of the slip-
velocity on the drag modification yields less distinct
bubbles than slip velocity dependent modifications. For
example, recently considerable effort has been made to
account for the slip-velocity in filtered subgrid drag
modifications.114

(e) The bubble size and the bubble number density are
estimated suitably by the investigated subgrid drag closures.

(f) While in the case of low superficial gas velocities,
the bubble rise velocity is significantly overestimated by
these closures, the slug rise velocity is in quite good
agreement with the fine grid simulation in the case of
high-superficial gas velocities, which may be attributed to
the higher ratio between drag and frictional stresses in the
latter case. Thus, the unresolved part of the frictional par-
ticle stresses has to be considered in bubbling fluidized
beds.

(g) The contribution of the unresolved collisional particle
stresses considerably improves the prediction of the particle
distribution.

(h) Compared to the fine grid simulation, the computa-
tional demand is reduced by approximately two orders of
magnitude using the coarse grid for equal time step sizes.
Coarse meshes, however, allow larger time steps that addi-
tionally improve the computational efficiency by approxi-
mately one order of magnitude in our study.

To conclude, this study demonstrates that the discussed

subgrid drag modifications apply well to the coarse grid sim-

ulation of a bubbling fluidized bed of fine particles. How-

ever, several tasks remain. First, it is necessary to study

further the impact of the unresolved part of the particle

stresses on the hydrodynamics of a bubbling fluidized bed,

especially in the frictional regime. These may have a consid-

erable impact on the computed bubble rise velocities. Sec-

ond, the models should also be tested at even coarser

meshes, which directly connect to the assumption of a

homogenous particle distribution within clusters in the case

of the presented model. Finally, the general validity of the

models must be further studied. These will be discussed in

future publications.

Figure 19. Dimensionless bubble rise velocity ub=W
in
g

as a function of the normalized bubble
diameter db/b for W in

g 50:63 m s21 and
Dc564ds (sampling time is 10 s). lb (5150
mm) denotes the length of the bed.

The lines and symbols have the same meaning as in Figure

5. w indicates Eq. 68 with w50:65 and C50:5; � repre-

sents the slug rise velocity113 usl5W in
g 2Umf

g 1u
ffiffiffiffiffiffiffiffiffiffiffi
gb=2

p
with u50:48. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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Appendix: Two-fluid model equations

In this article, we use the TFM approach for gas-particle
flows presented in our previous studies.23,42 The averaged
continuity equation for phase q is written in Eq. 54. Note,
Eqs. 54–70 are summarized in Table 3. In Eq. 54 uq denotes
the velocity, �q the volume fraction, and qq the density of
phase q. In the case of mono-dispersed gas-particle flows, q
denotes either the gas phase g or the solid phase s. The aver-
aged momentum equations for the gas–solid flow are given
in Eqs. 55 and 56. It is well established that the interphase

momentum exchange coefficient, that is, the drag coefficient
b, of Wen and Yu80 well predicts rising bubbles and bed
expansion (Eq. 58). Even during the discharge of Geldart B
particles from a hopper the interphase momentum exchange
plays an important role.115 In Eq. 58 ds denotes the diameter
of the spherical grains, lg the molecular viscosity of the gas
phase, and Re s the particle Reynolds number. However, (58)
is only valid for homogeneously distributed particles, that is,
subgrid effects such as clustering are negligible.

The stress-strain tensor for the gas phase, Tg, in Eq. 60 is
given by a simple Newtonian closure, where Dq denotes the
rate-of-deformation tensor for phase q. In the literature, there
is general agreement that the influence of gas turbulence on
the gas stress tensor is negligible in the case of dense fluid-
ized beds.14,15,74,105,116,117

While in dense particulate flows, the diffusive and convec-
tive transport of momentum is dominated by interparticle
collisions and interparticle contacts (friction), in dilute par-
ticulate flows, it is determined by the translational motion of
the grains. If a huge number of particles are involved, it will
be practical to apply the kinetic theory of granular flows to
close the solids stress tensor, Skc

s , arising from kinetic and
collisional contributions. This closure requires, analogous to
the kinetic theory of gases, that the above set of equations
should be augmented by a balance of pseudothermal energy
(PTE) of velocity fluctuations, EPTE.45 The balance equation
for EPTE is given by Eq. 57, where H52=3EPTE denotes the
granular temperature. Finally, the kinetic and collisional sol-
ids stress tensor, Skc

s , is written in a compressible sense to
account for the resistance of the granular particles to com-
pression and expansion (Eq. 60). Here, pkc

s denotes the solids
pressure (Eq. 66), kkc

s the granular bulk viscosity (Eq. 66),
and lkc

s the kinetic-collisional granular viscosity (Eq. 61).
In Eq. 57, the first term of the right hand side,

2Skc
s : $us, determines the generation of PTE. The second

term, 2$ � q, represents the diffusion of PTE, where the flux

vector q is defined in Eq. 63. The transfer of the kinetic

energy of random fluctuations in particle velocity from the

solids phase to the gas phase is represented by the third

term, Cs, and forth term, Jv, on the right hand side of Eq.

57. The collisional dissipation, cH, represents the rate of dis-

sipation of the PTE, H, due to inelastic collisions between

particles determined by the restitution coefficient es (Eq. 64).

Equations 61 and 63 account for the role of the intersti-
tial fluid by the terms l� and j�, respectively.45 The
radial distribution function g0 has to be introduced to the
collisional integral in the Boltzmann equation to incorpo-
rate the maximum packing limit, �max

s , to the kinetic
theory of granular flows. We follow Schneiderbauer
et al.,23 who proposed Eq. 59 to comply jjSfr jj 	 jjSkc jj
in the frictional regime.

At high-volume fractions (�s�0:4,67) grains start to endure
long, sliding, and rubbing contacts, which gives rise to a
totally different form of dissipation and stress, referred to as
frictional contribution. We follow our previous study 23 and
write the particulate stress tensor, Ss, as the sum of kinetic,
collisional (Skc

s ) and frictional (Sfr
s ) contributions, that is,

Ss5Skc
s 1Sfr

s (53)

In the frictional regime at high-volume fraction the parti-
cle collisions are no longer instantaneous as assumed by
kinetic theory. It is, therefore, concluded that an expression
for the frictional part of the solids shear viscosity does not
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Table 3. Model Equations for Gas-Particle Flows.
23

Continuity equation, momentum equation and transport equation for PTE:
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50 (54)
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@t
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1�sqsg (56)
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@t
�sqsHð Þ1$ � �sqsusHð Þ

	 

52Skc
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Drag law:
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Radial distribution function:
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Gas-phase and solids phase stress tensors:

Tg52lgDg; Skc
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s 2kkc
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Solids viscosity:
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PTE flux vector q, rate of dissipation of PTE cH, rate of dissipation of PTE by viscous damping Jv and rate of production of PTE by gas-particle
slip Cs:
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Solids pressure and bulk viscosity:
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Frictional pressure and viscosity:
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s 54qs
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depend on the amount of PTE. The frictional stress tensor is
given by Eq. 60, where the frictional viscosity lfr

s is defined
by Eq. 68. In our previous study,23 it was shown that using a
li Isð Þ-rheology and a shear rate dependent frictional pressure
pfr

s (Eqs. 67 and 68), which accounts for shear rate depend-
ent dilation, delivers the correct dependence of the discharge
rate on the particle diameter in the case of bin discharge.
This is in contrast to state-of-the-art models such as the
Princeton model.115 Typical values for the constants in Eq.
68 obtained for mono-dispersed glass particles are I050:279,
lst

i 5tan 20:98
� �

, and lc
i 5tan 32:76


� �
.64–67 Equation 68

states that in the quasi-static regime (Is�1022) the effective
friction coefficient, li Isð Þ, is close to its minimum, lst

i . In
the collisional regime (Is�10212100) the friction coefficient
saturates to lc

i . For mono-dispersed glass particles, the con-
stants in Eq. 67 take the values �max

s � 0:6 and b � 0:2.67

Note that the frictional viscosity, lfr
s , diverges as dev jjDsjj

tends to zero. This divergence ensures that a Drucker-Prager-
like yield criterion exists. The frictional pressure diverges as
well as the volume fraction tends to the volume fraction at
maximum packing �max

s . Both divergences can be treated
numerically by regularization techniques.23

Following Schneiderbauer et al.23,98 the wall shear
stresses, skc

s and sfr
s , and the flux of fluctuation energy at the

bounding walls, n � q, are given in Table 4 by Eqs. 69–71.
These boundary conditions incorporate sliding and nonslid-
ing collisions.118–124 ew and b0 denote the normal and tan-
gential particle-wall restitution coefficients. lw is the
coefficient of wall friction and n the outwarding surface unit
normal. In Schneiderbauer et al.,23 it was shown that these
boundary conditions apply well to multiple-spout pseudo-2-
D fluidized beds and moving beds.

Manuscript received Nov. 21, 2012, and revision received Mar. 6, 2013.

Table 4. Boundary Conditions for Gas-Particle Flows
23,98

Boundary conditions for particulate phase in the collisional regime:
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Boundary conditions for particulate phase in the frictional regime:
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